Abstract: An unsteady mathematical model for predicting flow divisions at a right-angled open-channel junction is presented. Existing dividing models depend on a prior knowledge of a constant flow regime. In addition, their strong nonlinearity does not guarantee compatibility with the St. Venant solutions in the context of an internal boundary condition treatment. Assuming zero crest height at the junction region, a side weir model explicitly introduced within the one-dimensional St. Venant equations is used to cope with the two-dimensional pattern of the flow. An upwind implicit numerical solver is employed to compute the new governing equations. The performance of the proposed technique in predicting super-, trans-, and subcritical flow bifurcations is illustrated by comparing with experimental data and/or theoretical predictions. In all the tests, lateral-to-upstream discharge ratios ͑R q ͒ are successfully reproduced by the present technique with a maximum error magnitude of less than 9%.
Introduction
Flow separation through a right-angled open-channel network, or a T-junction, is commonly encountered within many water engineering applications. This kind of flow is mainly characterized by inflow and outflow discharges, upstream and downstream water depths, and a lateral outflow. Detailed hydrodynamics of T-junction flows are found to be complex and strongly three dimensional ͑3D͒ in the vicinity of the junction ͑e.g., Ramamurthy et al. 2007͒ . However, in some industrial designs in hydraulic and environmental engineering, a one-dimensional ͑1D͒ approach could be practically and economically attractive and the scientific issue may be treated by simplified hypotheses.
Earliest literature on open-channel junction flows was presented by Taylor ͑1944͒ showing that the number of equations provided by a 1D analysis based on the conservation of momentum is incomplete to analytically solve the junction problem ͑Kesserwani et al. 2008a,b͒. Rajaratnam and Pattabiramiah ͑1960͒ regarded the branch channel problem as a lateral overflow through a side weir of zero sill height. Law and Reynolds ͑1966͒ examined the dividing T-junction flow at a low Froude number ͑F͒, using the momentum and the energy principles. When focusing on the subcritical flow regime, Ramamurthy and Satish ͑1988͒ theoretically and experimentally investigated dividing flows with an unsubmerged lateral branch. The investigators developed a theoretical model relating the downstream-to-upstream depth ͑h d / h u ͒ and discharge ͑Q d / Q u ͒ ratios with the upstream Froude number ͑F u ͒. A more general expression was later formulated by Ramamurthy et al. ͑1990͒ with no restriction on the flow nature at the lateral branch. Hsu et al. ͑2002͒ established a depth-discharge relationship and an energy-loss coefficient derived from the energy equation. Rivière et al. ͑2006͒ studied the influence of a second inlet. For subcritical flow divisions, the best that can be expected is an approximate theoretical relationship linking Q d / Q u and h d / h u . For the transcritical regime-subcritical regime with a transition to the supercritical regime in the lateral branchapproximate relationships to predict flow distribution at a T-junction may be obtained as function of F u and/or F d where the subscript d refers to a downstream quantity ͑Krishnappa and Seetharamiah 1963; Lakshmana-Rao and Sridharan 1967; Ramamurthy and Satish 1988; Rivière et al. 2007͒ . Generally the use of such relationships requires an independent estimate of h at some points. Finally, in the supercritical regime, Sridhran and Rao ͑1966͒ analyzed the flow division at low F in a T-junction assuming a constant specific energy along a side weir. The discharge in the lateral branch can be computed by the formula derived by Mizumura et al. ͑2003͒ for overflowing supercritical rivers, which compares well with experiments.
Common to these relationships, their implementation requires a prior knowledge of the flow regime, which is not obvious to be determined without making additional assumptions. Moreover, during a storm event, flooding may have a transient behavior with a changing flow regime from sub-to supercritical, or vice versa. In such circumstance, it is difficult to ensure constant flow regime and thus approximate relationships become inappropriate. On the other hand, a 1D numerical approach with an internal boundary condition treatment ͑Kesserwani et al. 2008a,b͒ accommodated by a theoretical dividing model ͑e.g., Ramamurthy et al. 1990; Hsu et al. 2002͒ may fall short because a nonlinear system has to be solved, at each time step, and this does not always ensure the convergence of the solutions.
In the light of Rajaratnam and Pattabiramiah ͑1960͒, the current work examines an alternative to predict flow bifurcation at a T-junction. A modified form to the St. Venant equations is proposed to model lateral outflow effects. Applying an upwind numerical scheme, the solutions to the modified unsteady model are used to determine the discharge ratio of the lateral outflow to the main inflow. The relationships developed by Mizumura et al. ͑2003͒, Rivière et al. ͑2007͒, and experimental data ͑Hsu et al. 2002 Rivière et al. 2007͒ are used to validate the present approach for super-, trans-, and subcritical flow bifurcations.
Mathematical Model and Numerical Scheme

Mathematical Model
For an inflow divided into two parts, side and downstream, the lateral portion is modeled with the side weir model of Hager ͑1987͒. The side weir model with a zero crest height at the intersection area is coupled with a conservative form of the 1D St. Venant equations. From mass and momentum conservation principles across a control volume including a continuous lateral outflow, the 1D system of equations modeling unsteady flow in a channel of variable width and depth can be expressed in the following vectorial conservative form
in which t represents the time ͑s͒ and x represents the longitudinal distance ͑m͒; U = vector of the conserved quantities, or the flow variables; F = flux vector; and S = vector containing the source terms and the effect of a lateral diversion. They are given by
where g = acceleration due to gravity ͑m / s 2 ͒; A͑x , t͒ = cross-sectional wetted area ͑m 2 ͒; Q͑x , t͒ = discharge ͑m 3 / s͒; I 1 and I 2 = integral terms accounting, respectively, for the hydrostatic pressure forces and the pressure forces caused by the variation of the channel along the main stream direction; S 0 =−‫ץ‬z / ‫ץ‬x designates the bed slope defined as the derivative of the ground elevation z͑x͒; and S f denotes the friction slope modeled with the Manning empirical law S f = n M 2 u 2 / R h 4/3 , where R h = hydraulic radius; u = Q / A = mean velocity; and n M ͑s / m 1/3 ͒ = roughness coefficient.
The Jacobian ͑J = ‫ץ‬F / ‫ץ‬U͒ of the flux vector with respect to the flow vector has two real eigenvalues 1,2 = u Ϯ c and two associated real eigenvectors e 1,2 = ͓1, 1,2 ͔ T , where c = ͑gA / B͒ 1/2 = wave celerity speed ͑B = channel width at the free surface͒.
Hager's ͑1987͒ side weir model for the discharge per unit length ͑Q L ͒ is
where y = h / H and W = w / H = dimensionless water depth and side crest height, respectively, and H = energy head expressed in terms of h ͑m͒. 0L and S 0L = contraction angle ͑=0 for the present study͒ and slope of the side weir. The coefficient c 0L model the weircrest influence ͑c 0L = 1 for a thin wall͒.
Numerical Scheme
Since no transient propagations of flow discontinuities are considered in the following applications, the upwind Roe ͑1981͒ scheme with implicit time integration is practical and sufficient for the current study ͑Kesserwani et al. 2007͒ . For completeness, the adopted numerical scheme is briefly outlined.
The spatial domain is discretized by ͑x i , t n ͒, where x i = i⌬x; i =1,2, ... ,N and t n = n⌬t; n =1,2,...; ⌬t = time; ⌬x = uniform grid spacing; and N = number of computational cells. By respectively denoting the approximate vectors U͑x i , t n ͒, F͑x i , t n ͒, and S͑x i , t n ͒ by U i n , F i n , and S i n and performing algebraic manipulations, a general implicit discretized form of Eq. ͑1͒ is obtained as follows
The implicit operator is linearized following the methodology of Yee ͑1987͒ such that a conservative linearized form of Eq. ͑4͒ is obtained and a tridiagonal system has to be solved
͑5͒
where
The local coefficients A i 1,2,3 are 2 ϫ 2 matrices and A i 4 is the traditional Godunov-type discrete operator having the following structures
where I = identity matrix and
In Eqs. ͑6͒ and ͑7͒, J S denotes the Jacobian matrix of the source vector with respect to the flow vector ͑García-Navarro et al. 1994͒; F iϮ1/2 n are, respectively, the fluxes across the interfaces x iϮ1/2 estimated by the Riemann solver of Roe ͑1981͒. The terms d i+1/2 1,2 are given by
i+1/2 1,2 and the wave strengths ␣ i+1/2 1,2 can be expressed by means of the Roe averaged velocity and celerity ͑Roe 1981͒ and ⌿ is the entropy fix function of Harten and Hyman ͑1983͒. The source term components in Eq. ͑2͒ are discretized by using the upwind philosophy of Bermúdez and Vázquez ͑1994͒.
Numerical Results and Discussions
Theoretical models ͑Mizumura et al. 2003; Rivière et al. 2007͒ and/or experimental data ͑Hsu et al. 2002 Rivière et al. 2007͒ are used to assess the performance of the modified 1D St. Venant model to predict flow divisions at a T-junction. At the computational level, a main reach, linking the upstream and downstream channels, is presumed whereas the lateral branch is treated as a side weir overflow. A grid of N = 201 computational points is considered for the computations with a refinement of N / 3 at the zone covered by the side weir ͑i.e., at the intersection͒. The CourantFriedrich-Levy ͑CFL͒ number is chosen equal to 5 ͑Kesserwani et al. 2007͒ . By default, the dimensions of the computational reach and Manning's factor are selected in conformity with the below described experimental apparatus. After attaining a stationary state with respect to a given inflow and/or outflow steady condition, the outflow numerical discharge is recorded ͑Q d ͒. Assuming mass continuity at the junction, the lateral diversion can be obtained by the difference between the inflow and the outflow discharges ͑Q L = Q u − Q d ͒, and the associated lateral-to-upstream discharge ratio ͑R q ͒ writes
where the subscripts u, L, and d, respectively, indicate the flow By blocking the inflow contribution from the lateral channel at the crossroad area, the network system was reduced to three ͑rectangular͒ open channels, as depicted in Fig. 1 . The intersection is 0.3ϫ 0.3 m 2 but it is mounted on a 0.37ϫ 0.37 m 2 base with a zero slope ͑see Fig. 2͒ . In this setup, one reach provided the main inflow and two others operated as outflow channels. The inflow reach was supplied from a large storage tank at the upstream end, where a honeycomb serves to stabilize and straighten the inlet flow. The inflow discharge Q u could be set independently from 0.002 to 0.02 m 3 / s. After ensuring stationary conditions, all inflow and outflow discharges were measured ͑one depth, respectively, upstream and When w k Ͼ 0͑k = L , d͒, the weirs are submerged in order to ensure a subcritical flow during the whole experiment. Selecting w k =0 removed the submerged status for the weirs leading to a free outflow downstream condition.
Evaluation of the Proposed Technique
Supercritical Bifurcation
The supercritical flow regime is maintained in this case at the inflow and outflows. Identical sloping bed configurations are used for the upstream and downstream ͑computational͒ branches and for side weir model ͑3͒. Three subsets of cases are accordingly considered associated with bed slopes of 1, 3, and 5.75%, respectively. Physical inflow conditions are furnished to the numerical solver and the outflow information is completed by numerical boundary conditions. The set of inflow conditions, consisting of the depth h u and discharge Q u , is available in Table 1 A quantitative evaluation can be achieved by calculating the deviation of each predicted ratio from the reference ratio via the error consisting of their difference
Taking the theoretical predictions as a reference, the produced error, which is adjoined in Table 1 , is found to be always negative and, decreasingly, varying between Ϫ4.4 and Ϫ1.3% with the average of Ϫ2.11%. The theoretical predictions of Eq. ͑10͒ for the experiments of Mizumura et al. ͑2003͒ have been also found larger than the measured data with decreasing difference ͑13͒ in proportion to an increasing F u ͑Mizumura 2005͒. The relative error, obtained by Eq. ͑13͒ divided by R q reference, remains comparatively unaffected.
Transcritical Bifurcation
In this test, subcritical flow is considered at the upstream and downstream reaches ͑w d Ͼ 0͒ while the lateral branch is unsubmerged ͑w L =0͒ leading to a transcritical flow bifurcation. The upstream inflow ͑Q u ͒ is specified as a physical boundary condition. 
A bigger averaged error, equal to Ϫ4.0%, is acquired with regard to the theoretical predictions ranging between Ϫ9 and 3%. Compared to the errors produced relating to the experiments, this error is in some cases larger and in some others smaller with a tiny discrepancy. Globally, the numerical predictions compare favorably the theoretical calculations and the experimental data.
Subcritical Bifurcation
The same configurations to those used in the previous test are made for the upstream and downstream floodways. However, the frontal weir placed at the downstream end of the lateral branch is also in a submerged state ͑w L Ͼ 0͒ to obtained a wholly subcritical flow through the T-junction system. A case can be defined by means of Q u and the two weir lengths w L,d ͑see Tables 3 and 4͒ . Within the computational model, Q u is specified while h d is obtained by a calibrated frontal weir condition ͑Rivière et al. 2007͒. Additionally, the diverted outflow must be passed under submerged conditions ͑Tullis et al. 2007͒. Therefore, Q L is amended using Villemonte's ͑1947͒ relationship
͑15͒
where H L = the head downstream of the side weir ͑expressed in terms of h L ͒. The considered cases are classified into two categories depending on either the two frontal weirs are identical or of different crest heights. Table 3 contains the cases of which the outflow conditions are identical ͑w L = w d ͒ while error of +1.2%, the model tended to slightly overestimate the measured data with random altering between Ϫ1.9 and 5.1%. Some additional cases from literature have been simulated consistent with the experimental resource of Hsu et al. ͑2002͒. As displayed in Table 5 , satisfactory results are also achieved with an averaged error of +1.27%.
Summary and Conclusions
A new approach was proposed for predicting flow divisions at a T-junction. The method was used for the calculation of discharge ratios of a side outflow to the main channel flow. The lateral outflow, described by Hager's ͑1987͒ side weir model, was explicitly integrated within the source terms of the unsteady openchannel flow equations. The numerical solution to the modified St. Venant model was implemented using an upwind implicit scheme allowing a numerical prediction of lateral-to-upstream discharge ratio ͑R q ͒. No calibration parameters were set to the proposed technique. The numerical outcomes were first evaluated in supercritical flow regime and compared to theoretical calculations. The predictions are quite accurate, although the numerical calculations are found to be always ͑fairly͒ larger than the theoretical ones. In transcritical flow conditions, the numerical results are comparable to the reference ratios and the error switched to positive for inflow Froude numbers greater than 0.7. These observations could be expected as with the two latter regimes, the side weir was unsubmerged and hence the branch flow was not influenced by any downstream condition. In subcritical regime, the accuracy of the numerical results is more surprising; the use of a submerged weir equation was able to account for the downstream control in the side branch. As a whole, the numerical predictions agree closely with the experimental data or those provided by empirical formulas, with, respectively, an absolute value to the averaged and maximum errors not exceeding 4 and 9%.
Notation
The following symbols are used in this technical note: A ϭ wetted area; B ϭ width at the free surface; c ϭ wave celerity; c 0L ϭ weir-crest influence; e 1,2 ϭ eigenvector associated with 1,2 ; F ϭ flux vector; F ϭ two argument numerical flux function; F ϭ Froude number; g ϭ gravitational forces; H ϭ total energy; h ϭ water depth; I 1 ϭ hydrostatic pressure term; I 2 ϭ wall pressure term; J ϭ Jacobian of F with respect to U; J s ϭ Jacobian of S with respect to U; N ϭ number of computational points; n ϭ time step; n M ϭ roughness coefficient; Q ϭ flow discharge; Q ‫ء‬ ϭ flow rate over a submerged weir; R h ϭ hydraulic radius; R q = Q L / Q d ϭ lateral-to-upstream discharge ratio; S ϭ source term vector; S 0 ϭ bed slope; S 0L ϭ bottom slope of the side weir; S f ϭ friction term; t ϭ time; U ϭ vector of the flow variables; u ϭ averaged velocity; w ϭ weir height; W ϭ dimensionless variable of the weir height; x ϭ longitudinal distance; y ϭ dimensionless variable of the water depth; z ϭ ground elevation; ␣ 1,2 ϭ wave strengths; ⌬t ϭ time increment; ⌬x ϭ grid space; 0L ϭ contraction angle of the side weir; 1,2 ϭ eigenvalues of the Jacobian J; and ϭ entropy fix function.
Subscripts
d ϭ downstream of the main channel; L ϭ upstream of the lateral channel; and u ϭ upstream of the main channel.
